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CHAPTER XI. 
RELATIVISTIC QUANTUM MECHANICS. 
^ 
11-1 (1). Conservation of Electric Charge. 


ACCORDING to modern ideas, an electric charge is essentially a 
quantity having discrete magnitude, which is determined by 
counting the number of electrons and protons. The total number 
of electrons and protons cannot naturally depend on the motion 
of the observers. We must therefore have the electric charge 
invariant for all observers. 

Starting from this assumption of the invariance of electric 
charge, we shall demonstrate that the electro-magnetic field 
equations satisfy the principle of relativity. Thus we should 
have no reason to modify these equations. 


11.1 (2). Density of Electric Charge and Electric Current. 


First we shall find the laws of transformation for density and 
current. For definiteness we assume all electric charges to be 
composed of elementary charges, each of amount e. 


In the neighbourhood of a specified point P of space, let 
n (u) be the number of these charges per unit volume moving with 


> 
velocity u, as observed by S. Let # be the number of the same 
charges per unit volume, as observed by S, who is moving with 
them. Then S sees this latter volume as contracted by a factor 


af 1 — £ in the direction of its motion, and therefore estimates 
E 


the density as — times greater than does Sọ, so that we 
u? 


iep 


2 (u) = — (1) 


find 


In the frame K of the observer S, the charges under considera- 
tion will contribute an amount en (u) to the charge-density p. 
The number of elementary charges which cross a unit area placed 
perpendicu:.r to the x-axis per unit time is Uy 1 (u), so that they 


| 
| 


LW 


$ 11-1 (2) Density of Electric Charge & Electric Current 249° 


contribute an amount e Uy n (u) to the x-component of the current- 


5 
density o. Similarly for the other components. Hence in K, 
we have 

> > 

o=Leun (u), (2) 
` u 

where the summation is taken over all the velocities 4 which occur. . 


pen (u), 


Now consider an observer S' at rest in a frame K’ which is 
moving relative to K with a velocity v in the direction of the posi- 
tive x-axis. ‘Then S' obtains similarly for the charges considered 
in (1) a number-density n’ (w^) given by 


No 


u 
ae 
[^ 


where w’ is the velocity of the charges as observed by S. 
From the equations (3) and (5) of § 1-6 (1), we get the identity : 
1 y (1 — usvlc?) i 


as —— y F tay 
D 1-4 1-5 


"Therefore on account of (1) and (3) we obtain 
"ag! n 
n' (u^) = y (1 — uzv|c?) - = 


Ja s = 


c 


n (w) = 


(3) 


[A 
-»(1- 5)n (5) 

But from the Lorentz-transformation 
dx! =y (dx — vdi), dy’ = dy, dz’ = dz, di! =y (at E d), 


we find the law of transformation of velocity : 


uoi org 2 cmt [ue = 
- assi U o7 n ls 
dt y (at ET 1 — di 
, dy dy Uy dy 
Uy TU = YET [s -2]. 
age) vQ-u) s 4 
dig dz /—— dz "s LA [^ dz 
Su cgp' m * RO AE ord 
y(a-2e) 0-8) 
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Substituting these in (5), we obtain : 


un (w) = a y € s) n (u) = y (uy — v) n (v). 


"I 
ce 
uy m (wu) = Uy n (U), um (u) =U, (u). M (7) 
Hence, the charge and current densities in the frame K' are given by 
p' =Zen’ (uw) -zey(1 — E n (u) 
=y (p ~ 22%): (8) 
oy! = X ety n'(uw) =2 ey (Ux — v) n (u) =y (Ge — vp), 
oy =Z eu; n' (w) — E eun (u) = oy, 
c; =X eu, n' (W) =X etn (u) = o. (9) 
Thus the law of transformation for (ox; oy, o;, p) is the same as the 


= ee a c Vc, ga cx. E aad Wes, Dita, baii 
LOTeENUZ-TIAUSLOLULALLULE LUL (Ww, y, 9, v].  wOnoCcQquvciviy, tc iiiv Ckev 


transformation would be 
v 


Oy =y (ex! "E vp), Oy = ey, 0z = OP =Y G tes a) (10) 
11.1 (8). The Maxwell-Lorentz Field Equations. 
From classical ‘electrodynamics, we know that the Maxwell- 
Lorentz field equations are 


t zx ` Ba 
div E =p, divH — 0, (1) 
A 1 oH 2 13À M 
amm. BOR "u 
curl E — — 5 sp cul H => iP. (2) 


> > 
where E and H are the intensities of the electric and magnetic 


a 
fields, p the density of the electric charge, and # the velocity with 
which it is moving. 
> > 
From the equation (2) we obtain, since o =p u, 
; $ tho EE 
div curl H == = (div E) + = div c. 
c òt c 


But the divergence of a curl is identically zero, therefore substi- 


> 
tuting div E =p from (1) we obtain: 


dp > dp dos , doy dTs _ 
a % 6x ^o ul Rao (3) 
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This is the equation of continuity which expresses the conserva- 
tion of total electric charge. 


Further, if we consider the field equations for the case of free 
space with p = 0, then from (2) we get: 


3 

E l29* = L ò (1 I 

curl curl E o curl H z t x 

But we know from vector analysis: 
> .x > 
curl curl E = grad div M s (4) 
o? 
l where V? is the Laplacian operator Š sa + = A 


AS 
From the last two equations we obtain, since div E — p — 0, 


d 
1 VE 


> > 
ee or OE =0, (5) 
n Qe X 
where [] is the D Alumbertian 2 A P E iy Lis 
Similarly, for the magnetic field H, we find 
> 
> > 2 
OH = yh -5 E o. (6) 


These are the well-known equations for the propagation of Hertzian ` 
waves in free space, with the velocity c. 


p the general case, we know from electrodynamics that the 
fields É and H can be ur seals in terms of the scalar potential 


and the vector potential 4, by means of the equations 


= 1 ve 
E = —grd$ — = n (7) 
> > 
H —cur A. (8) 
But these equations do not determine the electromagnetic 
potentials A,, A,, A, $ uniquely. The potentials are concerned 
in the actual phenomena only through their curl, viz., the electro- 
magnetic force, The curl is unaltered if we replace — A, by 
aV oV dV 


m Ay by —Áy-Fiys —Á. by A, +o gd by 


$ p3 m where V is an arbitrary function of x, y, z, t. To avoid 
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arbitrariness, an additional condition is imposed on the electro- 


magnetic potentials : 
ae dA 3A, , 10$ 
4S = X y = E: = 
dud dub dii wy " a "cà à (9) 


Taking the divergence of both sides in (7) we obtain ; 


meee " 10 ee. A 
div E = — div grad $ — = a; (div A). 
r , 2 > 
But we have div grad 6=V%, div E =p, div A= 
1% 
at" 
Therefore 
1 d 
V% —% = -por Od =~. (10) 
From equation (8) we obtain : 
> > 202 > 
cui X = cuj curl A = grad div A — y? A, 
or 
T MM i > 
dE o " A 
cuts grad ( T: qu 
1a 2 1 y na 
= E 2 
6 N” "t; yee 
Therefore 
l4 1 MA M TA iid 
E g 
V'A —àsB ^ Aad E bakas Li (11) 


We shall now transform the equations (10) and (11) to the 
frame K’, In § 1-3 we have shown that the operator O is an 
invariant, so that we have ’ = O. From the transformation 
equations (10) § 11-1 (2), we get therefore 


, , Lt ae , 
D’ As = —2 (os +p’), O Ay = — 2s, O'A, = - ly, 
n'$--y(p' + 2°). (12) 


Multiplying O’ ¢ by y 2 and O A, by y, and subtracting 


the first from the second, we obtain 


E^ y (A, — sedgi (13) 


mioma eo. aaan aS AA 
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Similarly, multiplying O’ Az by y Z and D ¢ by y, and subtracting 
the first from the second, we obtain 


zis (14) 
Hence the equation (12) may bé written in the form 
> > 
pA =- fe, o'g =p, (15) 


provided we set 


At, my (Be — Ë) Ay = Ay Az = Ash v(& - £4-).a9 


"This again gives the law of transformation for (4.. Ay, Az ?) of the 


same form as that for (x, y, z, t). The inverse transformation will 
be therefore 


ux -2y(^. m2 Ay Ay, A, = AJ $ =y G +? A.) (17) 


Substituting these values, we find that the equation (9) is 
transformed to 


= $ " D D 
div’ Arg IM LIAE AU Ve eo Q8) 


ot oz" & of 
From (15) and (18) we see that the field equations hold 
unchanged in form in the system K’, when the potentials are 
transformed according to the law (16). 


> > 
We now form the quantities E/, H', given by 
> 
> 1 > > 
—— T ae ee H' ecu A’. (19) 


> > z 
These E/ and H' are the quantities recognised by S' as the electric 
and magnetic intensities, because in his variables (x', y', 2’, t’) 
they satisfy a set of equations in every respect of the same form 


> > 
as those satisfied by E and H for S. 


> > 

The components of E' and H' can be evaluated by using 
(7), (8) and (16), together with the transformation equations for 
ddd 


Fy sa The latter are seen to be 


da 3x Q2 3 (Es o > 3 72 
iy Cox b) o Ww "NX 7 WP dy oy oy o0 


à à 2x , 5 3 e - 
àyP Cox 08 "obob NAM ox 
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Then from (19) we obtain: 


n ÖF LDA ( ij ww MI" 
E, óz — c of Y Nx taa)" DG +05) As 
b vo 
=-y(¢. EC ; As) : 
1 d d 
zv Gs H "3;)v (Ae z4) 
n 39$ lds, _ p 
|^ 04 cb OF 
2L BA, DAS (à rh a 
ny e wre r ea L 
dA, _ dA; A) | ZAG 12A, z) 
YVox Ye Fc M 


"m f LUE 
= 7 | s = 


> > 
In this way, we find the law of transformation of E and H 
as follows : 


E, =E,, Ey =y (E, -7 E a’ =y (m: +2 H,); | 
+ (20) 
E, =H,,H, =y(H,+¢ 2 i) Hy -y(8 Ei 5 By) | 
The inverse transformation is given by 
Es =8,', By =y (B; +28) B =y (E) -2 y); 
+ (21) 
: 5 L v L v L n 
H, =H, H, -y(ny- 5 5j) n -2y(& +3 By’): | 


11.1 (4). Relativistic Dynamics of a Charged Particle 
in an Electromagnetic Field. 


Suppose that the frame K is so chosen that the x-axis is 
parallel to the instantaneous velocity v of the charge e. Then 
in the frame K' the charge is instantaneously at rest. We shall 
therefore asse that the usual electrostatic laws hold. at that 
instant in K =s far as the particle itself is concerned, so that the 


mechanical iv-e acting upon it is 
> > 
F > cH’, (1) 


— fog 
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> 
In this case it is found that the components of the force F’ 
are transformed according to the law: 


, Duy la: 
Ey EZ, Eye Ly, hop dh 
Then using (20) § 11-1 (3), we fihd from (1): 
E, EQ = ES = WR, 
l5. 1 2 X 
F, = VE, ly => ey (Ey ~ 2 By 
dle ok pid v 
(EIE = Ry =) ey (B +t E, @) 


> 
Since the velocity « of the particle has components (v, 0, 0) as 
observed by S at the instant, the equations (2) can be written in 
the vector form 


> > Io > 
F =e fE +5 (u x E) (3) 
c 
> > 
where 4 x H denotes the vector product. 


Es 
The equations of motion are given by n = $ so that 
> 1 > > 
2 mou = =e E T s à 
Jh -$ 


= e{(- grad $ — i ay + HC X curl ij. 


(4) 
where m, is the rest-mass of the particle. The function T* is 
defined as in (6) § 2-4 by 


^ TA u 
T* = 99 67 {(1 v1 — e} B = (5) 
Then the x-component of the equation of motion (4) is 
d (xt* b € 0A ET * 
(oe) =~ ese Soe TEM x cul Ay.) 


But 
> > 
(u x curl A), 


, < Ae) . < dA, 
=y —2z — 
DNOX oy oz 9x 
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(oret Qe tat) 
Tob e DERE 


Hence " may be written as 
gc b) LN ed 
E +é f Az) -5 f- e +s (iX) =0 (m 


But if we consider the co-ordinates of position and velocities, viz., 
x, y, Z, X, y, 4, then T* does not depend on x, y, z explicitly, and $ 
does not depend on x, y, z, so that 
0 dÆ 2M IT OF oT 
ox oy oZ ox oy oz 


uU 


Also : 
A= (+ ^ +9. Ay +24.) =5 2L A). 


The equation of motion (7) can therefore be written as 


>> Fe 
az (m e$ 4 223 S {r =i we =o fi 


There ate two similar equations for y and z. These are of the 
Lagrangian form with the Lagrangian function given by 


e» 
IL — T* — e$ + a (uA). (9) 
The momenta px, py, pz are then 
oL ot" e aT 
bs 33 +e Ae py = ate E Run h= PIA. 
(10) 


The Hamiltonian function H is then found to be 
H—iP.cX3Pydtib—L 


=a( +8 nM dA ») HE + A) 


SE" o, ot SE" aw 
Xx ox ^! òy r4 5i T" + ed 
It was shown in (10) § 2-4 that 


dT* 1 
Zk T = mcs — 1b 
iH cd UE ] 


mum ric a 
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therefore we have 


Be mee | =p 5 1} "T1 (11) 


To obtain the canonical form we require the expression of H 
in terms of px, py, 2, For this, we see that 

e aT? _ mk e mov 
Px uix VIE hy ony "p 


e LÀ 
,-- A, =: 
b. [2 pei pem gi 
Therefore 
2 24,2 
5 (^. _ é A.) = tot 
c pod 
c 
so that 
1 24M 2 a \ qn Act 
eS 1 2% = M ee ccv c 
32 (^ 7 Ax) omg? = mg Q —4 =) iF 
Thus 
Moc 2 i 
gig eh (ia) tme 0 


From (11) and (12) we obtain therefore 
2 
H + mye? -e =e fz (e-i AS) mee]. (13) 
ays 


If the particle were qn electron, we would have to replace e 
by — e throughout this section. We write also E =H + m,c*, 
E being the total energy, then from (13) we get for an electron 


E + ep =C {2 (bs +É Az) mel, (14) 
or squaring, 
(E +É é) = = (s. + : Az) + mec. (15) > 


Tf there is no external field, we write 6 =A, =A, =A, =0 in 
(13), and get the same Hamiltonian as (11) § 2-4. 


Tf the velocity u of the electron can be taken to be very small 
compared to c, as assumed in the classical theory, then the term 
mec? under the root in (13) is very much larger than the rest. 

17 Li 


258 Relativistic Quantum Mechanics § 11-1(4) 


Therefore, for the classical Hamiltonian H’ we get 
, 2 i 
H' + myc? — ep = mc? fi H T Pi (5. 


1 
= m fi + me (b= — 


neglecting second and higher powers. Thus 


QL Qs 
> p 
E 

— 

d 

LS 

* 


Dex Rh £ A 
Wats, 2 (2s -$ As) (16) 
For the electron, we have therefore 
, l NS Es 
H b+ uu (o. Ht A.) (17) 


11.2. Earlier Attempts at a Relativistic Quantum Theory. 


The quantum mechanics developed so far has taken no 
account of the theory of relativity. This deficiency was supplied 
in the middie of the year 1926 by Schrédinger himself, and later 
by many other workers. Their contribution consisted in general- 
ising the wave-equation to a relativistic form. 


Thus, for a particle of mass m, Cartesian co-ordinates x, y, z 
and corresponding momenta Pe b» Pe moving under a conserva- 
tive field of force of potential V, we had the classical Hamil- 
tonian 

1 
TL e 


| 2m 


(PS cPSEPBS)MY (1) 


From this Hamiltonian, we derived the wave-equation by 
taking the momenta pz, py, Pz as operators defined by 


h d h d h 2 
Pe = day Py Guy Pb 0943 9 
so that the wave-equation became 
=R —49 (3) 
where E is defined as the operator 
TA h ò 
DIL 2x» (4) 


To generalise the equation (3) for the relativity effect, we shall 

assume first that the particle of rest mass my is moving in a free 

space, t.e, V — 0. The velocity u of the particle is given by 

Wai? +y? +2. If we write B = S, the energy E is given by 
myc? 


din ey 3 (5) 
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Further, for the momenta we have 


Mo fii 
by = oy, fe = o 


vi- BP vi— pf 


ox _, 
px V1 a p 
hence 
A r Mo mnc? p? 
Pe +h + pe = pa Tp o nee (1. ig t) 
which, on account of (5) gives 


E? 
p + +62 = uw mec, 


or 
bè + by + bo + tty? — = zs (6) 
The relativistic wave-equation would therefore be 
(2 pp + bet + tite? E — =) y = 0, (7) 
or on substituting from (2) and (4) 
he * - i = T » "e —g T pon (8) 


We write p; =Ë and the wave-equation (7) for a free electron 


can be written as 
(= pf + Px? + py +p? +m? c?) y = 0. (9) 
Now consider an external electromagnetic field of scalar 


3 
potential A,, and vector potential A with components Ay, Ay, Az, 
and let the moving particle be an electron of charge — e. Then 


if we write f, = B, the equation (15) of $ 11-1 (4) becomes 
2 g 2 2 
—( tiA) + (te +2 Ae) +Ò +4 Ay) 


ee p + A) +m = 0, 


or, on setting 


en e 
&r = Bis F < Ap Ex = he ti Aw &y = fp the & =p: tbe 
(10) 
it becomes : ! 
—g8? du? be + ge em go oy 


* This could be obtained immediately from (15) § 11-1 (4) by setting 
$ =Ax= Ay = Az = 0, 
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This means that in the case of an external electromagnetic 
field, the p’s have to be replaced by the g’s. This, if we write 
F = gi tee tey +e +m, 

the relativistic wave-equation becomes 
Fe = (— gf + 8x? ter ter +m? c) y a (12) 
where y is a function of x, y, z, t. 

When the relativistic wave-equations (9) and (12) were 
applied to atomic problems, it was found that the number of 
stationary states obtained from these equations was half the 
number required by experiments. Pauli then pointed out that 
to remove this deficiency, one must introduce the idea of the 
spinning electron., According to this hypothesis an electron possess- 


es a spin angular momentum E 4, and a magnetic moment 
eh 


um Pauli and Darwin fitted this hypothesis into the relati- 
o 
vistic wave-equation, and showed that the above-mentioned 


difficulty of the wrong number of stationary states disappeared 
if account was taken of the electron-spin. 


Early in 1928 Dirac pointed out that the spin theory was open 
to several objections. At the very outset, it is obvious that the 
idea of a spinning electron is a completely arbitrary assumption. 
In Dirae's own words, it remains incomprehensible ‘‘ why Nature 
should have chosen this particular model for the electron instead 
of being satisfied with the point charge”. Then again, on the 
spinning electron model, we should expect that if the electron is 
moving in a central field of force, the magnitude of its resultant 
orbital angular momentum should be constant. But, it turns 
out that this magnitude is not constant, and the model therefore 
fails in this respect. 


Another, and a very serious, objection to the theory of the 
present section is that the relativistic wave-equations (9) and 


(12) are non-linear in E or 2e The non-relativistic wave-equa- 
tion (3) is linear in yp so that if the wave-function j, is known 


at time / = 0, its value at any time ¢ is determined in terms of 
V, This property does not hold for the equations (9) and (12) 


JA 


on account of their being non-linear in — 


Se eerie: 
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Finally, it should be remarked that Pauli’s spin theory was 
successful only for those electrons whose velocities were not too 
great. 


A reformulation of die relativistic wave-theory was given by 
Dirac early in 1928. He showed that if the wave-equation is 
set up so as to satisfy the requirements of the principles of 
relativity and quantum mechanics, the existence of the angular 
momentum and magnetic moment of the electron can be deduced 
without any arbitrary assumptions about the spin of the electron. 


11.3. Dirac's Relativistic Theory for a Free Electron. 


Dirac looked for a wave-equation which should be invariant 
under a Lorentz transformation, and should be equivalent to the 
non-relativistic equation (8) § 11-2. As pointed out in the last 
section, this equation should be linear in ddt, i.e., in prn and 
therefore on account ot symmetry, it shouid be linear in ps, Êy 
Ês also. 

Dirac assumed therefore the relativistic wave-equation to be 
of the form 

(2; ta, px d az py E asp: d a4 moc) y =0, (1) 
where aj, az as, a are dynamical variables or operators which 
are independent of the #’s, thus commuting with /, x, y, z. More- 
over, for a particle moving in empty space,,all the points in space 
are equivalent, and therefore the Hamiltonian cannot involve 
i, x,y,z. The a’s are therefore independent of ¢, x, y, z, and 
consequently commute with the p’s. This means that ay, as, as, 
a, are functions of other dynamical variables and not of the 
co-ordinates and momenta of the electron, and that the wave- 
function y is a function also of these other variables besides 
t, x, y, z. "These other variables are the so-called “ spin matrices ” 
or “spinors,’’ which we shall now investigate. 

Multiplying (1) by the operator (— b: +aibe + aby + asp: 
+ aamoc) on the left, we get 
(— Pi tarps + apy + asp: + amo) (Pr + aips + apy + aspz 

+ amac) Y =0, 


or 

{ i $e T (a tps? F ap, s as 2) + (aaz + 203) Pxby + (aza; + 

asao) Pyp: + (aza; + ayas) Pope + amo c? + (a104 Haga) Moche 
+ (agg + agag) tse, d- (agag + asas) Mcp} = 0. (2) 
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This equation agrees with the equation (9) § 11-2 if the a’s 
satisfy the following relations 


ap? = 1, apay +a,ap =0 (pÆ v), 
(wu, v = 1, 2, 8, 4). : (3) 
The problem now reduces to that of finding four dynamical varia- 
bles a, which satisfy the relations (2). In quantum mechanics, 
these dynamical variables are matrices. Dirac obtains them with 


the help of six other matrices 01, 95, 03, p1, Pa, ps, Which are of the 
fourth order, and which are as follows :— 


c= /0 10 0 04 = /0 —4. 0 0 
1000 D 0 0 0 
000 1 [ 00 —i 
0 0 1 OF; 0 0 « 0/, 

t= fi 22 0 p= fo 0 1 ON 
0 -1 0 0 000 1 
0 0 I 0 1000 
0 00 -1 0100/7, 

p f0 0 =i 0 pac fX 0 0 0 

t 0 0 —i 9 J 0 0 
7; 0 0 0 00 —1 0 
DP 0 0 0 0 0 —1 


It can be easily verified that the o's and p’s satisfy the 


following relations for all y, s, 4, — 1, 2, 3:— 


ol, spo, pos =h (res (4) 
p?) > P, P, + Ps P, = 0, (rz s), (5) 
Pox Oo; = g Be (6) 


The o's are now defined by the following equations* :— 
Gy =P % — i10», G3 = P103, As ps. (7) 
Obviously, the a’s so defined satisfy the relations (3) in virtue of 
the properties (4), (5) and (6). 


The wave-equation (1) now takes the form : 
{pe + pr (Orbs + oby + 03;) + pamat) Jr = 0. (8) 
This is Dirac’s wave-equation for a free electron, 


* The matrices for th= œs are given in § 11-7. 
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11-4. The Electron under an Arbitrary Field. 

Now suppose that the electron is moving in an external 
electromagnetic field of scalar potential A, and vector potential 
5 
A. We have shown in § 11-2 that in order to get the Hamiltonian 
for this case, we must substitute p; -H : A; for py, px ti Ay, for 
fx, etc., in the Hamiltonian for the case of a free electron. Carrying 
out this substitution, and remembering the definitions of the g's 
((10) § 11 - 2], we get from (8) 811-3 

(£i + px (0182 + 08y +0382) + pomoc)  — 0. (2) 

Writing down the values of the operators gs Zæ: gy, Sa. We 

get Dirac’s relativistic — 


(= peni NES 2 a e 


Ts Od at AS) 4 95 2 Pe * AJJ + ps ny ]4-o. 


(2) 


or 
h d e h d e 
{(- Fme Ot £A) ids [2s ox +7 $ A) uc (42 oy TG Ay 
h ò 
+ as m TI fAs) + a, my] y — 0. (3) 


For the purpose of this section only, suppose that we take 
a representation of the a’s in which ai the elements of the 
matrices representing a1, a2, ag are real, and all the elements of 
the matrix representing a, are pure imaginary. his is, for 
instance, possible if in (7) 811. 3 we take ag =p, and a, = p,0;. 
Then, if we change the sign of 7 in (3), we see that the complex 
conjugate of (3) also holds, viz., 


os tear) Fas HA) mig i A) 
t as ( AE t f A.) a4 mac} d =0. (4) 


Now, if we had an electron with a positive charge + e, the 
Equation (4) would become : 


C= s b als E d Ai x)-4 ACE ay T ES 


h 2. 48 5) sni (5) 


Qa oz 
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This is the same equation as (3). It is obtained from (3) by 
multiplying both sides by — 1. Thus we see that the wave- 
equation (2) refers to a negative electron (with charge — e) as well 
as toa "positive electron" (with charge + e). Half the solution of 
(2) would refer to the negative electron, and half,to the positive 
electron. 


On account of the matrices a being of the fourth order, the 
wave-function will have four components, two of which will 
correspond to the negative electron having states of positive 
energy, and the other two would correspond to the positive electron 
having states of negative energy. At the time when Dirac first 
published his theory, the postive electron, or the “ positron ”’, 
was not known to exist. It is generally recognised that with his 
relativistic electron theory Dirac had predicted the existence of 
Vuese paiticies. As icmiarked inge 4, the 


was experimentally demonstrated in 1932 by Carl Anderson. 


of tha nosci 


Cr vat poss 


Dirac has also proved that his relativistic wave-equations 
(8) § 11-3 and (1) §11- 4 are invariant under a Lorentz-trans- 
formation. 


11-5 Existence of the Magnetic Moment of the Electron. 


To find out how Dirac’s wave-equation (1 8 11-4 differs 
from the nor relativistic wave-equation (10) § 11-2, we multiply 
the forni + by a factor, just as we did in $ 11-3 to get equation (2) 
from (1), Remembering the definitions of the g’s, viz., 

e e e e 
L Ex Px 1 zw Ey 2, tip Ss =); EE Az 
( 


ge =f +4 


Dirac’s equation is written in the form 
{Be + pr (018x + o2, + 0382) + pa tito C] b = 0. (2) 
Multiplying (2) on the left with the factor 


. — £t - py (01Ex + G3 y +.93 82) + pa Moe, 
we obtain 


— & + px (018e + osgy + 038) + pa Moc} (gr + pi (18% + 028 + 
+ o98:) + potttoc) Y = 0, 
or, on account of (4), (5), (6), § 11.3, 
{— gf + (os + O58, + O38)? + mote? + py (018x8e — £io18x 
+ oz £y&i — E1028, + Ogge — E1038;)) Y = 0, 


E 
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or, since the o’s commute with the g’s: 
(— gt + (08r + os, + 738s)? + mo + pi lor (Exi — 88x) 


+ os (882 — £i£y) + os (Egt — 8:8.) }} Y = 0. (8) 
Now 


(18x + O28y + 038; = (o1 T Ogy F c£.) (048% s O28y + 038s) 
= (018gr? + otg? + od?) + [(cr92828y + 02018584) + 

(G20 2882+ 03098585) H (20168 + 0193822]. 
But from the definitions of the o matrices, it can be easily proved 
that 


7,05 = 103 — — 0203, 0503 — L0, = — 0305, 0301 = (03— —0,05, 
and as shown in (4) § 11.3 (4) 
oP=1, of =1, afsh 


We have therefore 
(aif + o£, + 982)" = (g? Te +8?) iios (Sx8y — Ey£«) 

+ oi (gy; — Boby) + 92 (8r — &x&3))- (5) 
Now consider 


(Cae b= (s. E: à As) (2, * Ay) i 
(s tee ee 


MUR: 


Ed Fo åy) Gs ox uu A-)] d 
- Q8 bn) nid Sa 


h d e 
=f Bri òx ur MF D 


ddy * Qui dy 
- (Sz) She miy GAY) c 2 Ay apa T a Ar het 
= did Oy W gus Mage — aci) Oe) — ag Aras 
ome hee cu) 
= 5 Hy, (6) 


because of (1) § 11-1. ` 
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Similarly we get 


he DA oA he 

(ete — 806) P mu E Hed, (64 
he d _ oA, he 

(pus e) t = amu — SE) U = gee Ho (65) 


Further, we find 
iacta (oer EA) end n) 


-(poin)(n is) 


={¢ hat c * A) (cic de ta) 


— hò B y h d e 
~ (saz ò Fg A) Int ox TUS ^J] 4 
21 3j » fe how 
--(& a) c ordt +C an =e ti +3 ; AS 
h N33 , RÀ o2 fe hw 2e 
+ (55) gone anche Set) c iM uus a Me 
he 2 he Wi he ò he op 
9mic 0x (Ac V) P» A = 3p + «nici (As V) 9gric Ay ox 
he LE 123A, Zhen 
SB "c d y= “Zmic E; V, (7) 
because of (1) § 11- F 
Similarly, 
he z A. 123A, — he 
(g,& — S8) 9 = sic 4 c ò e) $ Qric Eye, (Ta) 


—EAA oq 


2wic * 


he (dM: , 19A, 
(gg — ag) $ A : =) yj 


Qmic \ dz c ài 


Substituting (5), (6), (7) in (3), we obtain 


he 


m gs d gg tes b me a (o1 Hs d oH, + cH) + 
ihe x 
HE py (ole + onl + oi) b 0 (8) 
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or, substituting the value of the g's from (1) : 
(iM) rn ix) + (p, tiA Y + 

(5. + d A.) ++ ni ct ka La (oH; + oH, + o3H;) 


the 


+55 pile + only + ok) by = 0. (9) 


The Hamiltonian in this equation differs from that ir 


B 


$ i 
$ 11-8 by the terms 22^ (o,Hy + oH, + oH.) + D p, (eV 


+ oE; + oE). These two terms, divided by 2 Mo, can be 

considered as an increase in the potential energy of the electron 
due to its spin. Thus the additional potential energy is 

1 he 

DR. dnd + oH, + osHa) 

l1 he 
T Sm, Ine tp, (01E« + ok, + o3E,). (10) 
The electron will therefore behave as though it has a magnetic 
moment with components 


eh eh eh 
dnm ce? Same °? dame 23), (11) 
and an electric moment with components 
( eh . ch ghi : 
m Pu Aztec *P 192, 4armoc ips) (12) 


The magnetic moment has, therefore, just the amount assumed 
in the spinning electron theory, § 11-2, and which is here derived, 
according to Dirac, as a natural consequence of the relativistic 
wave-equation. 


The electric moment, however, is a pure imaginary quantity, 
and cannot be considered to have any physical meaning. It has 
arisen only after multiplying the real Hamiltonian in (1) § 11-5 
with a factor in order to compare it with the classical Hamiltonian 
in (10) § 11-2. This being rather an artificial operation, we must 
not be surprised if it leads to some terms which have no physical 
meaning. 


11.6. Existence of the Spin Angular Momentum of the Electron, 


We remarked at the end of § 11-2 that the spinning electron 
theory postulated the existence of an intrinsic (spin) angular 
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l k 
momentum of the electron of amount 3 5-' We have now to 
4 Wm 


prove the existence of this spin angular momentum on Dirac’s 
theory. Since this angular momentum does not give rise to any 
potential energy, it did not appear in the result of calculations of 
§ 11-5. To demonstrate its existence, we shall consider the 
special case of the motion of an electron in a central field of force, 
and shall determine the angular momentum integrals. 


Take the centre of force as origin, rectangular Cartesian 
co-ordinates x, y, z and corresponding momenta py, py, Ps p is the 
mass of the electron, and V the potential energy which is a func- 
tion of x? +y? + zt. 


The classical Hamiltonian, neglecting the relativity effect, is 
1 $ š 2 
E» (pa? + py T2) TV. (1) 


3u 


H- 


ES 
Tf wy de the orbital anonlar momentum of the electron. we 


proved in $ 6-8 (1) that each of su, my, m, commutes with any 
function of x? +y? -- z? and pa? +p 4$. The Hamiltonian 
H, as given in (1), being a function of x? + y? + z^ and pa? +; 97, 
we sce that cach of Me, My, Ma commutes with H. We conclude 
that the orbital angular momentum is a constant of the motion, 
just as in Newtonian dynamics. 


However, if we take accouut of the relativity effect also, 


it turns out that the orbital angular momentum " alone is not a 
constant of the motion. To get such a constant, we have to add 
another term which comes out to be just the required spin 
angular momentum. 


The force on the electron is given by the potential V (7) 
which can be taken to be the scalar potential A;, the vector poten- 


" 
tial A = (Ay, Ay, A; being zero. Thus 

A, =A, =A, =0, A, — V (n). (1) 
From Dirac’s wave-equation (1) § 11-4, we get then 


Fy = [pe IY +s lous + ospy + oia +pame} p= 0. (2) 


To get the Hamiltonian H, we remark that $; =8 where E is 


the energy parameter. (Since we require only periodic solutions 


T——— (€ CARRE El 


n—————————Ó— —— a 
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of the. wave-equation Fi = 0, p: is no more considered as an 
operator). 

The equation (2) can therefore be written as 

E e 
te x [ Md c V—npn (oipx + ay + os) - pamac |} y = 0, 
or, on multiplying throughout by c, 
(E —[— eV — cpi (ops + oapy + 03$; — palitgc?]} y = 0. (3) 
Thus we see that the relativistic Hamiltonian is 
= — eV —cpi(oibe + osfy + CaP) — PsM. (4) 

The classical Hamiltonian would have been simply — eV, so 
that the last two terms in (4) are contributed by the relativity- 
effect. 


ay 
We shall prove now that the orbital angular momentum m 
is not a constant of the mation ie the comnonents qv... Ma. Ma aS 
defined in (1) $ 6-8 (1) do not commute with H given by (4). 
For. 
mH —Hm, = — cp, n. (01px + Tapy + Gaps) — (orpx + Faby 
E Op:) Ma} 
= —cpy (o1 (Mape — Pama) + os (Mapy — bym5) 
+ os (m.p. — PiMx)} 


= Ë cp, loeb. — ony} or 0, (5) 


on account of (D) § 6-8 (1). It can be similarly proved that m, 
and m, do not commute with H. Thus the orbital angular 
momentum is not a constant of the motion. 


We have further from (4) 


lA Lh he 
5 on oH H 3 94 91 ner (o1 (obs + capy + sp.) 
= (oibr + Copy + Sape) oi} 
he 


== oe ihe floros — 6201) py + (0203 — 0301) 5] 


= Pi [Bios by = dios}, 


on account of (4) § 11.5. Thus we get 


Lh lh th 
$2 aH -Hgy oi — gc ipa [o = ospa} (6) 
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From (5) and (6) we find therefore that 
lh lh 
(ms i 3i )H H (m. ! 3z) =o (7) 
d similarly, that ph dm, Log t 
and similarly, at My + E op c, and m, + 3 x Gs; commute 


with H. ‘hus if we define M by the relations 


lh lh lh 
M, =z +557 Op My = my + 5 g Om M, =m, + 557 0e (8) 
> . > 
we see that M, and not the orbital angular momentum m alone; 
is a constant of the motion. 


This result can be interpreted to mean that the electron has 


r . lh Lh 
a spin angular momentum with components [5 —— co, 39; 


E 93, 
2 ar 


wi = 


h "X ] " 
on) which is just the spin angular momentum postulated in 
23 E p g p 


z 


the spinning electron theory of § 11-2. 


11.7. The Theory of the Hydrogen Atom; Fine Structure of 
Spectral Lines. 


iple of Dirac’s theory, we shall solve the 
-atom, obtaining the fine structure of the 
nents of high resolving power. Sommer- 
problem on Bohr's theory has been de- 
solved the problem as an example of his 
afterwards C. G. Darwin gave a solution 


1 


‘hich is followed here. 


As a particular ex 
problem of the liyccoge 
lines observed in inst 
feld's treatment of t 
scribed in § 5.7. Di 
theory, but immediate! 
which is simpler, and 


For the hydrogen atom the electron is under the central 
field from the nucleus only, there being no magnetic field. "Thus, 
if y is the distance of the electron from the nucleus: 


Ap=V = 5A, =Ay =A, =0. (1) 


Dirac’s equation (1) § 11-4 therefore becomes on account of (7) 
§ 11-3: 


(os 4 24 Harpy Hapy tarp, tame} d m0. — (2) 


EAS EN aS 
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From the definition of the a’s given in (7) § 11-3, and the 
matrices for the o’s and p’s, we get 


ay epo, = JV 0:01 ag = p102 = 0 00 =i 
0010 0 02 0 
0100 0 —70 0 
1000/, » i 00 OY , 
(3) 
ie = pit; = f9 01 0 as =p = /10 0 0 
0 00 —1 01 0 0 
1 00 0 00—1 [U 
0 —10 07, 00 0-1 


According to these 4-rowed matrices, there are four wave- 
functions Jj, Js, Ys, Wa which can be written in a column 
1 P xs. th 

~ ya 


tar 
Ad 


Y 
be 
bs 


bed. 


Since the field is central and we want periodic solutions, we 
write for ps, the momentum conjugate to the energy E, its value 


E : h ò 
3 and for pẹ the operator Ta 3x etc. 


ax 


Thus corresponding to the four rows of the matrices (3), we 
get from (2) the following four equations for the four wave- 
functions : 


Iri (E + eV $ 28 hs got 

z c + mye) va IC -ig tat gy He =O (5) 
Ini (E+ eV se oe 

m 3 + moc) He + (55 Hig) bs à; 4 = 9, 

Imi (E. -- eV 0.2 E 

(RE — mee) ba + (52 ~ 8 sy) te + 5p th =O 


ri (X V Ò ,.0 ò 
2m (Ete — mec) pa +Z HiS) ta — 5 te =O. 


Equations (5) show that the two functions (%1, 42) form one 
set of solutions, and the other two functions (3, V) form another. 
set, 
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As the problem is that of a radial force, we must transform 
to polar co-ordinates (7, 0, $) given by 
x —rsinÜcosó, y =r sin ĝ sing, z =r cos 6. (6) 
Moreover, since the potential V is a function of y only, being 
independent of @ and ¢, the solutions of (b), 7.2., the four wave- 
functions must involve the spherical harmonics Sp: 
Sp = Pp (0) ome, qm 
where Pz are the associzted Legendre functions given by 
: d. NÉ*? (cos? 0— 1)* 
= — 1 sin” E. 3 
P," = (k — m) lsin” 8 ( tort) - (8) 
k being any positive integer, and m being any integer between 
— k and + k inclusive. 


Now if F (r) is any function of y only, then substituting the 
values of x, y, 2, trom (6) it 15 easily calculated that 


Gta- mT” 


f aS os a) Sp fj —(k—m)(k—m-—1) (F + ktl F) 8e*2]. 


dr 7 
Z-ig TOS p” 
C6 E) Spzi--(b an) (8 4-8 — 1) e i P + - r) pum 
2 BW) St = ym X 
G dE ; F) Sa E +m) (k —m) (Z+: + t =! r) se..]- (9) 


Thus considering (5) and (9), we find that if we want each 
one of the Js to involve a single spherical harmonic only, we must 
write for a trial solution: 


1 = — it f(r) Stan pa = — ias f(r) Se £15 
Ja = as g(r) SE, p, =a, g(r) Serr. 

The same radial function f(r) has to be taken for the two wave- 
functions y, and y of the first set, and similarly, the same function 
g(r) has to be taken for y, and pa. Moreover, — 7 is introduced in 
Jj, and d, to make f real. The constants @,, 42, 4$, &, are introduced 
so that all the four equations (5) may be satisfied. Thus substi- 
tuting (10) in (5), and taking account of the relations (9), we obtain 


(16) 


Ocean 
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F === 


a 
+ me) arf Si + gy x 


(G dep 12 Spit — (k —m)(k —m—1) E $ Re ) spt} 


[ES +eV + mec Jaf SP tue x ) 
{ A dehet rient I ga] | 
as (G = TP | 

x htt e) St-a} = 

| 

| 


a IE an oS mi ts "T 
E r iG Saez; (k +m + Y(R—m ms 
dg ass ^ 
» S +} nil 
(11) 
29 (E+ eV i 


x me) a, g Sy — Jo 5 x 
d, k+1 df h 
{ A E f) Sto +k + +2) (A +m-+1) (2 if HY? 2-1 
d k H 
ay { if = D + (E 4pm 4-1) (&— m 4-1) 


2k + 3 (Ndr 
df ar? N 
de f) sp} — o, 


t 
n V 1 dj k 1 
*( +e — mac) aug SAF = — ow E pi = mes 
1 (Ue 5-2 aad 
— (k —m + 1) (k m (F pe f) sj 
a df k+l 
taral uc Us Flo ) (&— m) 
ETO) speak lo 
(12) 


So far the four constants a,, etc. have been quite arbitrary. 
Now we choose them so that thé four equations (11) and (12) 
become as simple as possible, This will be the case if out of the 

18 F 
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two spherical harmonics in each equation one disappears, and the 
remaining equations are consistent. 


The two equations (11) show that if we choose 
a(k +m +1) +a, (k — m) — 0, (13) 


then the term in Sg 4 from the first equation, and that in Sz; 
from the second equation will disappear. 


Similarly, the two equations (12) show that if we choose 
ay = ay, (14) 


then the term in Sg, , from the first equation, and that in SP? 
from the second ‘equation will disappear. 


The relations (13) and (14) will be satisfied if we write defi- 
nitely : 


a =l, a,=1, 


because tha ratio a & 
eu 


Substituting (15) in - and (12), and equating the coefficient 
of the remaining spherical harmonic to zero, we find that the two 
equations (11) reduce to the same er 


2m E +eV 
È 


F me) f +4 sh E: = ay = =0; (16) 


and the two equations (12) reduce to the same equation 


2g (E + eV af k42 
=i z — me) g +74 ; f=0. (m) 


(16) and (17) form a system of two ordinary linear differential 
equations for the determination of the two unknown functions 
f and g. 


Writing the value of. V = : » and setting for brevity : 


"E" FAS: à 2m E, 9e? 
-( + mye), b = = F(- E^ T Moe ) a <a (18) 


where a is Sommerfeld’s fine structure constant (21) 
two equations (16) and (17) become: 


c } m Ü i z)s =o, (19) 


bs ad ea G 2) & = 0. 


a OTR et RR 
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We transform the dependent variables f, g to f’, g' by writing 
farf gnep, (20) 
where À is a constant whose value is to be determined. 


Substituting (20) in (19), and dividing out by e-^, we get: 


s 
(#+2) r«($ -a-e =o, 
(2 X E) y (e - ro 
We now try for a solution of (21) in which f’ and g' are in the 
form of the series. 
f' = ar? + a-t + aht + x, (22) 
g'—bgf + dyrB-2 + ba? + >, 
where the constant B, whose value is to be determined, need not 


be an integer. We have taken series of decreasing powers for 
f’ and g', because these functions have to be finite at y = 0. 


(21) 


Substituting (22) in (21), we obtain: 
a? {agr® + arf 71 + ag 7? 4 +++} + 
a (agrf -1 + ar- + a£ 4e) 
{borP ~* + by (B — 1) 78-2 3 
A {barb + byB-3 + barb- + +2} — 
k {bor 7 1 + brf -2 + baf -3 + +++} =0, 
{aoBrF 7 * + ay (B — 1r 4-3, (B — 2) 79 fe wat . 
A {aor + a r873 + agb- Ree) + 
(k + 2) {arf 7? + ayrb- 2 Heep 
be {borb + barb 71 baf -2 4 +--+} — 
a (buf -t + birh 7? + barf -8 4 +++} = 0. (28) 
We equate the coefficients of successive powers of 7 in the 
two equations (23) to zero, and obtain the values of A, B, a: bo, 
4,:0, ds Oy etc. Thus, equating the coefficients of rf to zero, we 
get 
aao — Ab, —0, bbo — Aa, = 0, 
from which we find 
bo 


aa, UD. a = 
N sila m and A — ab. (24) 


A= 


276 Relativistic Quantum Mechanics § 11-7 


We have selected the positive sign for A, because the functions 
f and g have to remain finite at y = co. 
Next, equating the coefficients of 7#-1 in (23), we get: 
aa, + aay — àb, + (B — E) bo = 0, 
bb, —aBy — àa, + (B +4 4+ 2) ay =0. 


Substituting the values of = and A from (24), and eliminating 
0 


both a,, bı from these two equations, we find 


a? — b? 
2ab 


p=—1l+a (25) 


Finally, equating the coefficient of 7? -@+in (23), we obtain: 
Gà. , ad; — àbs+ı d (B — k — s)b, = 0, 
Bp 4 — abs — Adena + (B +k +2—5) a, —0. (26) 
Writing the value of A = ab, transposing, and multiplying 
the first equation by 6 and the second by — a, we get: 
abas — abb +a baa, — b (B — k — s) bp 
abia = nber mt] Hb +9 =) & lab 


Equating the two right-hand sides, and transposing, we obtain 


aa, fe +k+2—s ta} + 6b, {a —b-s—ag} =0, 
giving 


——— —— gE 
-i(p-5-:-eij {B+h+2—-s+03} 
where c, is a new constant to be determined. Then for alls >1: 


a, =o {a5 Bk 9} 


EEN fa? +B +r +2- s} 


Qn 


Substituting these values in any one of the two equations 
(26), we find the recurrence formula for c; : 


as Yean = eiea — Q9 
where we have written 


j=k+1 (29) 


PAATE DEENEN EE E A C snc ir ic EE E S i i 


Em A tm 1 tite t 


OSES 
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If we write also 
ya. (30) 
and so y = VF — a, supposed positive, we have from (28): 
2a b (s -1)644 = — c (B +1 —s —y) (B +1—s+y). (81) 
We can find c, direct from thé value of a, or b,, and then we can 
determine cz, C3, etc. successively from (31). ‘This gives 


c = gens {8 -r +1) Ey ++ By —5 +2) x 


(Pty +I) +y — (2) 
The functions f', g’ are therefore of the type: 


f =Ze, P (sg — gh eje, 


(33) 
e =Z c (2 4«B bi p ü-s)et-e 


As remraked above, the boundary condition requires that 
these functions should remain finite for y =0. "The series there- 
fore should terminate at a value of s, such that B — s >0 (other- 
wise we would have a negative power of 7). 

Supposing that the series terminates at s =n, where 4 is 
a positive integer or zero, then c,4, should be zero. On account 
of (31), this would be the case only when the factor 

B+l—n-y=0, orf =y +n =1. (34) 

The two equations (25) an (34) give us the eigen-values of 

the energy parameter. Thus 
, gi p 
B+l=y+n=a Sab 


2 


MENOR eM. So 
Ame — E 
on substituting the values of a, b from (18). Solving this for E, 


we find 
: 3 A 
E sont {1 + ta T 


— — ÓM d 
MoC L + (n as | 
This is the same formula as that given by Sommerfeld in 
(21 a) and (21 5b) § 5-7, if we remember that W = — E, and that 
for n, and ng of § 5-7 we have now written « and j respectively. 


(36) 
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It is of course possible to get the selection rules on the new 
theory also, but we shall not go into the details of this question 
here. They are the same as the rules (302) $5 - 7 given by the 
old quantum theory. 


` 
11-8. The Atom Under an External Magnetic Field. 
The Normal Zeeman Effect. 


In 1896 P. Zeeman discovered experimentally that in an 
external magnetic field of intensity H, a hydrogen line is split up 
into three components when viewed at right angles to the field, 
and two components when viewed along the field. If the 
frequency of the original line is v, then the frequencies of the 
two displaced components are vp + Av, vp — Av, where 

eH 
A» pt (1) 

Immediately after Zeeman's discovery, and long before the 
advent of the quantum theory, H. A. Lorenz was able to 
account for this Zeeman effect by his classical electron theory. 
This is not surprising if we remark that the constant 5, which is 
characteristic of the quantum theory, does not enter into the dis- 
placed frequencies (1), Bohr's quantum theory was equally success- 
ful in giving a solution of the problem. In 1916 Sommerfeld and 
Debye solved it by the method of the Hamilton-Jacobi equation 
effecting a separation of variables. A little later, Bohr gave 
a simpler theory with the help of the following theorem due to 
J. J. Larmor. 

Larmors Theorem.—The effect of a uniform magnetic field 
H on the motion of an electron under central forces (and some 
other forces also) is the same, to a first approximation, as if 
the magnetic field were absent and the whole system had a uniform 
rotation about an axis parallel to the direction of the field with 
the angular velocity V given by 


+ 


Take the z-axis parallel to the direction of the field H. The 
components of the mechanical force on the electron at the points 
x, y, z due to the field are 


&H. « eH. . 
pu eu ee 0. 


2H 
— 2myc 
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Let the components of the other force be X, V, Z The 
equations of motion are 


mk = SHY +X, moj = — CHE +Y, mà =Z. 


Writing A = a, and transposing, we get 
0 


my (ž — AV) =X, my (PW + AK) =V, më =Z. (a) 
Now suppose that the electron is free from the action of the 
magnetic field, but let the system rotate round the z-axis with 
a uniform angular velocity V, then the velocities of the electron 
are given by 
w-k—ybh v-—yclsx w=, 
and the accelerations are given by 4 — of, d + ud, w, ie., by 
gig xh y + ied — 8, d. 
The equations of motion then become 
My (X —2yb — xp?) =X, mo(y 42x — y) —Y, më =Z. 


A H , 
Suppose we take f= 5 = ma , then since c, the velocity of 
DN 
light, is very large, V is very small, and we can neglect J?. The 
equations of motion then become 


mo (x — 294) =X, mQ(y--2xJ) =Y, mq =Z. (b) 

Since 2 =A, we see that the equations (a) are identical with 
the equations (b), and therefore Larmor's theorem is established. 

The frequency wr of this “ Larmor Precession " is then given 
by 


OL aO 2mgc = mmc (3) 


This additional frequency introduces a new quantum number 
m in the expression for the energy which explains the splitting up 
of the spectral lines. 

We shall now give a detailed solution of the problem on the 
new mechanics, following the treatment given by Dirac. 


ES 
We take a uniform magnetic field of intensity H, acting in 
the direction of the z-axis, so that 


H,=0, H,=0, H, -H, E,=0, E,—0, E,—0. (3) 
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Consequently, the scalar and vector potentials are 
e 1 il 
A, NV Az = — 5 Hy, Ay = +3 Hx, Ay = 4, (4) 


In equation (9) § 11-6 we showed that the effect of the 
spin of the electron moving under an external electromagnetic 
field is to increase the potential energy by 


1 he l th e 

Sy Tar o Oe b Hy HoH) yp oe g 
pi (Ey + oF. fy + csE;), 

which, in the present case, becomes, on account of (3) : 
TE 
2mo 2r c 


c3H. (5) 


Since the effect of the relativistic variation of the mass of 
the electron with its velocity is much smaller compared to the 
effect of the external magnetic field, we shall neglect the relativity 
effect, and take the classical Hamiltonian (17) of $ 10 - 1 (4), 


ohetan (2 +2 bs) + (dy + £4,) +(e +SAY} 


Adding the potential energy given by (5), and substituting 
the values from (4), we have for the Hamiltonian of the problem : 


old eu Y em I 
E = 5 {(te — 9 Hy) +(e + Bx) +2: 
e eH 
YOU dame 7* (6) 
If the magnetic field is not too large, the terms involving Hè 
can be — and (5) reduces to 


(pi? HA + BL) E + EE (uy — E LI 


(7) 

From (1) §6- 8 (1) we know that the component m, of the 

orbital angular momentum is s, = xp, —yp,. The Hamiltonian 
(7) can therefore be wirtten : 


Ha) HAA E +S (m + geo) 8) 


=z 


Qmoc 


The oo cf the hy a atom for no external field 


is id 3 E. (54 +b; 5) — 77 80 that the extra terms due 
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to the magnetic field are = (m. ES 2 os): Now in equations 
(7) and (8) of $6 - 8 (1) it has been proved that each component 
of the orbital angular momentum, and therefore m,, commutes 
with r and with 5, +p +p. c, being a diagonal matrix, 
commutes, of course, with every matrix. The additional terms 
eH 


2c 


(m. + A os) commute, therefore, with the total Hamilto- 


nian (8), and are thus constants of the motion, as shown in 
Chapter VI. Writing 


1 2a 
Ho x: 2m, (px* Tj T8 Ts Y (9) 
and 
eH h 
Hy, = p (m. + 2; 2 (10) 
the Hamiltonian (8) can be written 
X= | H, Gi) 


where H, is the Hamiltonian for no external field, and H, is the 
additional term due to the field. As shown above, H, commutes 
with H’, and is a constant of the motion. Therefore, the eigen- 
functions for the Hamiltonian H' will be those eigen-functions of 
H, which are also eigen-functions of H}, since 


H'y = Er H Hy. (12) 

Moreover, if E, Ey, E; are the eigen-values corresponding 
H', Ho, H, respectively, then from (11) we have 

E =F, +E, (13) 

showing that the presence of the magnetic field causes the 

stationary states to differ only in the value of the energy, and 

not in the form of the eigen-functions. This is the wave-mechanical 

analogue of Larmor’s theorem. 


Now the eigen-values of the orbital angular momentum m, 
are given by the rule that the angular momentum is an integral 


s h 
multiple m of p 
uA T 
Mz =m > (m integer). (14) 
From the matrix for o,, its eigen-values are easily found to be 


05 — t 1, because the eigen-values of a diagonal matrix are the 
terms in the leading diagonal, 
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Thus we find from (10) : 
| eH h mj 
| E = 5 (ms tgo) (15) 
"The selection rules for m, now require that only those transi- 
tions are possible in which the magnetic quantum number m 
changes to m + Am such that 
Age ced Ud. (16) 
Since c, commutes with every matrix, and also with the electric 
displacement, it will not change at all. We have therefore the 
result that in a transition E, changes to E, + AE, where 
eH Rh . 
AE, = p UM" Am. oH 
Considering the Zeeman effect for a particular hydrogen line 


EE Ted (13) and (17) that it is split up 


em M uS IER 
h 
into the components vo + Av, given by 
AE, eH 
udess = - ' ncte (18) 
where Am has the three values (16). "These displacements (18) 
are in agreement with experiments. 


